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Abstract—Considering arbitrary stress, strain or displacement functionals specified over a domain
of an elastic, homogeneous and isotropic body, their invariance is proved for the case of translation,
rotation and scale change of an arbitrary domain within the body. The assosciated class of path-
independent integrals is derived. It is shown that sensitivity analysis with respect to translation,
rotation or expansion of defects can be performed by using these path-independent integrals.

1. INTRODUCTION

The present paper discusses a new class of conservation rules which constitute an extension
of the class considered by Eshelby[l, 2], Giinther[3], Knowles and Sternberg[4], Goleb-
iewska-Herrmann{7], Delph[9], Rice[12] and Bui[14] for linear and nonlinear elasticity.
Whereas the previous rules were associated with the potential or complementary energy
variation due to translation, rotation or scale change of the body, the present analysis is
concerned with an arbitrary functional of stress, strain or displacement. Similar to the
Eshelby[l, 2] or Budiansky and Rice[13] interpretation, the variation of respective func-
tionals can be interpreted as that corresponding to translation, rotation or size variation of
inhomogeneities within the body. Therefore the derived conservation rules can find appli-
cation in identification problems where the location and size of defects are to be determined
for some mechanical measurements, or in studying the variation of global or local body
response due to variation of position and size of defects such as cracks, voids and inclusions.
The general formulation of such a sensitivity analysis problem was presented in previous
papers by Dems and Mroz[15, 16], and here this analysis will be extended by discussing
three types of path-independent integrals and their interpretations.

In discussing the conservation rules, Knowles and Sternberg[4] demonstrated that such
laws follow from Noether’s theorem[6] on invariant variational principles combined with
the principle of stationary potential energy. In our case, the functionals considered do not
possess this stationarity property and therefore the derived conservation rules are not
directly generated from Noether’s theorem,t thus constituting a new class of rules. The
concept of primary and adjoint systems will be used and the conservation rules will be
expressed in terms of stress and strain fields of both systems. A somewhat similar idea of
introducing adjoint variables was discussed recently by Herrmann([11] and Delph[10] who
considered a nonlinear creep problem for which an energy stationarity principle does not
exist. In particular, it will be shown that bilinear functionals of primary and adjoint
variables can also be considered within the considered class of functionals. Since the local
displacement or stress components can be expressed as bilinear functionals, their variation
can be derived through the use of path-independent integrals. The conservation rules for
the mutual potential energy of two equilibrium states were discussed by Chen and Shield[18]
and applied in fracture mechanics for the determination of stress intensity factors K', K"

t They can be derived from Noether’s theorem by considering augmented functionals which take into account
the equilibrium and compatibility equations of the body.
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738 K. DeMs anD Z. MROZ

in two modes. The same problem was reanalysed by Bui{19], who proposed an alternative
method of solution using the associated path-independent integrals.

The conservation rules in elastodynamics were discussed by Fletcher[5], whereas
Francfort and Golgbiewska-Herrmann(8] derived the conservation laws in thermoelasticity
using the convolution products of primary and adjoint states. It can be shown that the
present approach can easily be extended to elastodynamics and to time-dependent problems,
but in the present paper we limit our analysis to the case of elastostatics.

In Section 2, the general expression for variation of arbitrary volume or surface
integrals of stress, strain and displacements due to boundary variation will be derived, and
the concept of an adjoint body will be introduced following the previous works by Dems
and Mroz[15, 16]. In Section 3, the respective conservation rules will be proved for the case
of linear elasticity and small strain theory. In Section 4, the transition to conservation laws
discussed in Refs. [1-4, 14, 18] will be performed, whereas in Section 6 some possible
applications will be indicated.

2. VARIATION OF VOLUME AND SURFACE INTEGRALS DUE TO BOUNDARY VARIATION

Consider a linear elastic body with surface tractions T° specified on its boundary
portion Sy and displacements u® prescribed on the portion S,, where S = S;uU S, denotes
the boundary of the body. We shall discuss the variation of functionals

G, = Jdl(d,u) dV+Jh(T, u) ds ()

or

G, = Jq&(e, u) dV+fh(T, u) dS (2)

specified over the body domain of volume V, associated with the variation of its boundaries.
Here Y/(6,u), ¢(g,u) and 4(T,u) are continuous and differentiable functions of their argu-
ments. The stress, strain and displacement fields are denoted by ¢, ¢ and u, where u(x) is a
continuous field and a(x), &(x) are piecewise continuous fields. The particular case when
Yo, w) =y (0)+you), AT, u)=h(T)+hu), ¢ u)= ¢ (e)+¢,(u) was discussed in
previous papers[15,16]. We assume this particular case in Section 3 when considering
rotation and scale change of body domain.

The variation of body shape is conceived as the transformation process specified by
the transformation field ¢(x) mapping the material points from an initial to a transformed
configuration, P — P,: x, = x+¢. In this paper, we shall restrict our analysis to an infini-
tesimal transformation d¢(x) from the assumed configuration and derive the formulae for
variation of the functionals G, and G, associated with this transformation. If x* denotes
the position of a point P, initially placed at x, after infinitesimal variation d¢(x), we have

P— P*: x¥=x;+6¢,; 3)

and the variations of displacement, stress and strain fields are expressed in a fixed reference
system as follows:

Ou; = uN(x*) —u,(X) = 0+ u;; 5y,

. 4)
56,] = 5é-u+8;j'k6¢k9 50’,‘] = 50-,)""0',-]')(6(,0;‘,

where S, 6¢ and 86 denote the variations at the initial configuration of the body, and
subscripts following commas denote partial derivatives with respect to coordinates of the
Cartesian system. Clearly, the variations i, 6¢, ¢ can be determined by considering an
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incremental boundary value problem which accounts for the variation of boundary con-
ditions due to the boundary surface transformation. The variations of surface tractions and
of volume and surface elements are, cf. Ref. [16],

OTi(x) = T, (X)+ (0 ,mm— 0,)ndQp;+ 04N 0@y,
S[AV(X)] = dqy AV, (5)
S[dS(x)] = (64— men)00y,,

where n denotes the unit normal vector to the boundary surface.
In view of (5), the variation of the functional G, corresponding to an infinitesimal
transformation of the body domain is expressed as follows:

0

oh
— 6T + [(Gun;"k GNP+ 0;,1,00;]) Q)

+ h(ak, - nkn,)é(pk_,} ds.

The expression for 5G, contains the variations dii(x), 66(x) and §T(x), which should be
determined from an additional boundary-value problem within the unperturbed domain
which accounts for modification of the boundary conditions on §. This modification
depends on a form of boundary variation. In fact, in view of (5), on Srand S, we have

oT? = 6T+ (oymn— a)nb@ i+ 000y, dul = 60 + u; 0. 7

Assuming, for instance, configuration-independent loading and support conditions, we
have 8T! = 6u! = 0 and eqns (7) provide the values of §T? and 6i? on Sy and S, when
boundary modification occurs, thus

5T? = —(o g —a I OQ+0 ij,knj‘s‘pka ol = — U; 0Py, ¢y

and (8) provide new boundary conditions for a problem of determining dii(x), 8&(x), d6(x)
within the body.

Such a direct approach may become impractical in cases where the form of boundary
modification changes and numerous solutions are required in order to determine variations
&6 and dii. An alternative approach used in sensitivity analysis requires introduction of an
adjoint body and one solution of a boundary-value problem for this body. Following Refs.
[15, 16], consider the adjoint elastic body of the same shape and material stress—strain
relations, but satisfying the boundary conditions

oh . oh
T°=§ﬁ on Sp W =~z on S, ¢)]
and with imposed body force and initial strain fields
. O . A
fe = 0’ o= within V. (10)

Denoting the stress within the adjoint body by ¢’ its total strain field &” can be presented
as a sum, cf. Fig. 1

e =c+e an
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Fig. 1. Decomposition of strains and stresses in the adjoint body.

and is compatible with the displacement field u®. The stress field o is related to & by Hooke's
law, 6" = D+ ¢’ = D (¢°—¢&"), and satisfies both equilibrium and boundary conditions

dive'+f*=0 within V, o 'n=T" on Sy (12)

whereas the displacement field u” satisfies the boundary conditions u’ = u’e on §,. In view
of (9)-(12), the first two terms of (6) can be transformed as follows :

J(%.a& + %'é-éa) dV'= | (36 +108) dV
r
= |(e*-06—¢ 56+f"-du) dV

” (13)
= |[e“* 66— (" - 66 —1f"- Su)] dV

~

= {u-oT dS—J.T“&ﬁ ds.

where the following Betti’s relations are applied: ¢ 66 = ¢+ D* 6¢ = ¢’ * J¢, and D is the
elastic stiffness matrix of both the primary and adjoint bodies. Using (13), the expression (6)
for 6G, can be presented in the form

oh oh
0G, = J{[W”A + Eui.k + ﬁaij.knj]éfpk +l:h(5kl'—nknl)

oh oh
-+ aT (a,-jnjn,——a,.,)nk]é(pk,,}d5+ j(a—u —a,‘,n,-)éﬁ,-" ds, (14)

oh a T°0
+J<a—z + u,'>5Ti dST,

where the local variations i on S, and 6T? on Sy are specified by (7). Let us note that
ou? and 6T? are known on the boundary portions S, and Sr. The expression (14) for 6G,
now depends on stress and displacement fields of both the primary and adjoint bodies.
The variation of the functional G, specified by (2) is expressed similarly as in the
previous case. Introducing the adjoint body subjected to the boundary conditions specified
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by (9) and with the initial stress and body force fields &', f“ within V, such that

2 2
a 4]

[ e pl fa =
o'=D-¢ S0 (15)

we obtain

ch
8G; = J {[dmk + o bkt 5T aT ) ]5§0k+[h(5u—"k":)

oh oh
+ 3T, (oynn — du)nk:] 5%‘1} ds+ J (a — a’,-,-n,)&a ,° ds, (16)

oh
[
+J(6T + u‘*)éT dSr.

The expressions (14) and (16} now constitute the foundation for our subsequent analysis,
in which the variations of G; and G, associated with translation, rotation and scale change
of the body domain will be considered.

3. VARIATION OF G, AND G, ASSOCIATED WITH TRANSLATION, ROTATION AND SCALE
CHANGE OF BODY DOMAIN

3.1. Translation of body domain
Consider the translation of body domain by the infinitesimal vector d¢ = da, so that

x* = x+da. (17

The surface tractions T° and boundary displacements u® are also translated correspond-
ingly, thus

6T = do n+o-6n = (66+06,0a,)'n=0 on Sy

(18)
on® = s’ +u,dq, =0 on S,.
The local variations 877 and 6i2? are therefore expressed as follows :
6T,0 = -0',-j‘knj5ak on STa 6!7,0 = - u,-_kéak on S,,- (19)

The expression (14) for G, now takes the form

oh oh oh
%G = U {"""* PP é“:‘r‘] “S“f (a‘ - s .
oh .
3T + uf Joyn; dSrpda, = § | Y+ ofu —oyuufln; dS 0 da, (20)

oh oh
+{J<EZ - o’@n,-)ui‘k dST+J‘(aT + u“) Oyl dS,,}cSa,,.

The last two integrals of (20) vanish in view of (9), and finally the variation G, is expressed
in the form

6G, = (Zi7)sbar,  (k=1,2,3), @n
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”

(Zi1)s = ’ o, +ou,—o,,ufn, ds. (22)
Using the equality
fo,juﬁjnk dS = J‘ai,,kuf’nj dS+joUuﬁjn, ds, (23)
the expression for Z*; can be presented in the equivalent form
(Z4p)s = J[lﬁékj— €l + Oty + ofui]n; dS, 24)

containing only gradients of the displacement fields &, and u¢.
THEOREM 1: For a linear elastic and homogeneous body, the integral (Z% ;)5 vanishes
for any closed surface within the body, thus

(Zhp)s = J[wakj‘aij,ku?+aaui‘k]nj dS =0, (k=12,3). (25)

To prove this theorem, let us transform (22) into a volume integral and use (9)-(12),
obtaining

J[W% =0 uf + o )n; dS = J[w.k —(oy4uf)

oy oy
+{oju) ) dV = J[g&; Gijx + Bu. Uik = Oy jcldi — G ijldi;
(26)
+oj U+ oju ] dV = J‘[af,o',-jvk + flu— 0l
- f;lui,k + O':(jai/.k] d V= J\[ - El(jalj,k + axr'jgij,k] d V= O,
since for a homogeneous body
Tk = U;:(Ci' Gp) ke = T5CiipgOpok = €pgOpgis
yriy iy 1pq™ pq U™ipe~ pe. Pq™ Pq (27)

(CUP‘I)J( = (Diqu).k = 0.

Here C denotes the elastic compliance matrix of both the primary and adjoint bodies.

For a non-homogeneous body, the integral (22) according to (21) represents the
variation of the functional G, due to infinitesimal translation of the boundary with respect
to inhomogeneity. Alternatively, we can consider the translation of inhomogeneity or
internal void with the exterior boundary fixed, cf. Fig. 2. In Fig. 2(a), the exterior boundary
does not vary and the void of surface S, translates through the distance éa within the
homogeneous material. The variation of G, can now be calculated from (21) by considering
the integral (22) or (24) along the void surface S,. For the free surface S, the expression
(24) is simplified, namely

(Z4 T)So = J(‘/’ — o epn; dS. (28)
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Fig. 2. (a) Translation of inhomogeneity within the body. (b) Translation of body with respect to
fixed inhomogeneity.

Consider now the arbitrary closed surface S, enclosing the cavity and connect it to the
cavity surface S, by the cuts ST and Sj. Since the integral Z%; taken along the surface
S1+S%+S5,+ S5 vanishes and the integrals along S§ and S5 cancel, we obtain

(Z'i T)s0 = (Z’ir)s, = (Z/?T)s- (29)
The transition from §, to S can be performed by cuts ST and S3.

An alternative way to calculate the variation of G, is to consider the translation of the
body domain through the vector da with the cavity fixed in space, cf. Fig. 2(b). The transition
from the boundary surface S to an arbitrary closed surface S, enclosing the cavity or to
the cavity surface S, is obtained by considering the cuts between these surfaces.

The variation of the functional G, is expressed similarly as in the previous case.
Introduce the adjoint body of the same shape and elastic stiffness or compliance matrices,

but satisfying the boundary conditions (9) and with imposed body force and initial stress
fields specified by (15). Starting from (16), we obtain

6G, = (Z4r)sday, (30

where
(Z47)s = J[¢5kj_aij.ku?+at"jui.k]nj ds, (k=1,2,3). (31

Thus Z%; is expressed analogously as ZX; with y(o,u) replaced by ¢(e,u). Theorem 1|
applies for the integral (31); thus

(Z47)s =0 (32)

for any closed surface within the homogeneous body.
3.2. Rotation of body domain

Consider now the case where the body is rotated in the vicinity of its equilibrium
position, and denote the infinitesimal rotation vector by dw,. The external tractions and
surface displacements are also rotated correspondingly. The variation of point position is
given by

X = X+ 00, = X+ e X 00, = (Ot epdw,)X; = oXs, (33)

and

0@y = X0y, Uy = O+ Eipdw,, (34)

where e, denotes the permutation tensor. The variation of the unit vector n normal to
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the boundary surface S is expressed as follows, ¢f. Ref. [16]:
on; = M@ — Qi = (Lo ity — €y )0W, = — €4y MW,
The variation of the displacement field is
Ou, = O0lt;+ U 0Py = Ot + €ypd; 4 X000,
On the other hand, when the displacement field is rotated, we have
Ou; = epi0w,.
From (36) and (37), it follows that
0t} = (ejptt) — €yt X1)0W, on S,
On the loaded boundary, we have

07! = e TP0w, = e,,0,n,0w,,
and since
OT? = 6(o;m;) = 6a,n;+ 0,00, = 66,1+ 0N 00+ 0,;0n;,

we obtain on S;

6T = 50',]n = 5T Uknjé(Pk“O','jénj = e,,,,a,jnjéw,
_ekp[(f,'j'kxlnjawp+ekpj0','jnk5wp = [e,,,,a,jnj

+ e (Gun — X10,5,1)]0w,.

Using (33)—(41), the expression (14) for G, can be presented in the form
oh Oh oh
oG, = ek,,,{ f[cﬂx,nk + — £ UX) + 57 T Oy Xity — a—Tiaunk] ds
oh , oh , oh
+ P Ok ju— ou oy jux | dS, + 3T, + ui Joyn;
oh .
+ ﬁ + uj (oi,nk—x,a,-j_knj) dST 660,,
= {ekpl j[‘/’%@k +0uf + 00 yuf — X,0,; U8 — Oy

oh Jh
+x,65ui)n; AS+ ey j[(a =17 °>u, «Xi+ Thou, + 3T T,:l dsr
i k

oh oh o o
+ €xpi T + U |y Xn— T + ufe Joun, + v
; ; U
- T,uzO:I dSu}éw,,.

Assume now that 4 = h(u,, T,) is an isotropic function of its arguments, thus

h =h(M|,M2,M3),

(35)

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)
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where
M, =T,T,, M, = wu, M, = T (44)
are invariants of u and T. In view of (43), we have

oh Oh oh oh oh oh
= 2Ty + s u,, "—=———Tk+§4-2

at, ~am, 21 T o, B, M, 24 (43)

Substituting (45) into (42) and accounting for boundary conditions (9), it is seen that
the last two integrals of (42) vanish and the variation 6G, can be presented in the form

6G1 = (Z,; R)Séwpa (46)
where
(ZRR)s = €up J.[le‘sjk + 0l + 0,0 yUf — X0 48 — O 1+ X,055u;]n; dS. (47)
Using the equalities
ekle.a sakixim; dS = ey J(U U X i — o Ul xin + oyuiny) dS (48)
and
CpOh U = — €O LN, (49)

the expression (47) for Z7%; can be presented in an equivalent form containing only gradients
of displacement fields u; and «?, namely

(ZhR)s = exp j[ — 068X,k + Ol X 4 Ol + Gl + ou X, Y x, 0 ny dS. (50)
The expression (50) for Z#4, can further be transformed into the volume integral
(Z7R)s = exp j[(%ﬂ).ﬂ' (0ated) k= (x,0,.48) j— (Ok;ur)

+ (xoiuin) j+ (Wx) (] AV = ey f[au% + o yuf + o Uik

— G klf — X0 Ui — Opj Uy — Oijthy j+ Ol i (51)

+ X107 U g+ XU g YO+ €0+ fTux]) AV

= €kpi j[ZG b+ ffu— o — ohu, ) AV

= €l J.[Za' a€h + [ —20%e,) dV.

In writing (50), it is assumed that the body considered is homogeneous. Using now
Hooke’s law for an isotropic body,

0% = ALhmOu + 2Uek, (52)
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where / and u are Lame constants, we obtain

ek Oty = @kpl()~3;nm5k1+2#5;k)8u' = €l HEKEy

4

1
= ekp12#5;k<“ mamméil + ;017) = €€y, (53)

and the expression for Z7 takes the form

ZhR)s = ekle'(2UiI£?k +ftu—20,ep) dV = ekle‘(zsikU.ﬁ‘fﬂu/) dav. (54)

Assume now that (g, u) =  ,(6) + ¥ ,(u) where ¥ ,(6) and ¥ ,(u) are isotropic functions
of stress and displacement; thus,

Y =yi(0y) = ¥.1(J1, 2 J3), Yo =) = yi(L), (55)

where J,, J,, J, are the stress tensor invariants and /I, is the displacement vector invariant,
that is

Ji =04 Jy = (0,0, —0.0y),
J3 = %emnqer.ﬂamran:aql’ (56)

Iu = UU;

With these assumptions, the following equalities now occur:

LW oy, 9, W2 W OL_ 00,

S Gon T, B0y’ VP Bw TGl ow CaL ™ 7
where
oJ oJ oJ
'é}:]; = 5ik, 55—1_ = O —5ikaqq9 éo__:: = %e,-q,ek,,a,,,a,,. (58)
The expression for Z/4 can be presented in the form
oy oY oy 1
(ZﬁR)S = 2ekpl J{[é‘]—] 5ik + o OJ (ka lkaqq) + 55 aJ 2 lqrek:Iaqsarl Gy
oy oy oy oY
+ ’(,Euku,} dv =2 j{ekﬂ[a.} Oy + = aJ (O',ka',, o‘k,dqq) + = a[ Ul
G,
+ a.l]// 1qrapq !Iall} dV 0 (59)
Thus, the following theorem can now be stated.
THEOREM 2: For a linear elastic and isotropic body, the surface integral
(ZRR)s = e J[Uljuﬂ + 0Oyl — X0 Uf — Oty + X, 07U+ Oty x Jn; AS (60)

vanishes for any closed surface within the body, provided the adjoint system satisfies (9)

and (10) and the functions ¥ = y,(¢)+ ¥2(u) and h(u, T) are isotropic functions of their
arguments.
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The variation of the functional G, is expressed similarly to (46) and (47) with y/(a,u)
replaced by ¢(e,u) = ¢ () + ¢ ,(u), thus

662 = (Z%R)Séw,,. {61)
where Z%, is expressed identically as (50) with ¢ ,(o) replaced by ¢ ,(e).
3.3. Expansion or contraction of body domain

In this section, we shall confine ourselves to particular cases of general functionals (1)
and (2). Consider first the transformation

x¥=(A+mx, = (1+M)dyx,, 0@, = x,01. (62)
The matrix of coordinate transformation is now
o = (1 +6mdp. 63)
The variation of the exterior normal to the boundary surface now vanishes, thus
on; = nmd@ — md@y; = (Mm 6y — ni by )on = ni(mn—1)on = 0, 64)
and the variation of the displacement field is
ur= (1+¢6n)uy, Ou; = Eudn = 8+ u;, x,0n, (65)
so that
Ot = {&u;~— xyu;,)0M, (66)

where & is a constant to be determined. The variation of strain field follows from (66),
namely

Ouf o[(1+&0mu] _ 1+&0n du; Bu;
T Sl omx] ~ T4oy ax =~ L HEDonlg

ef = [1+(E=1)dnley, dey = (E—1eydn = S&;+ xx&;40M, ()
and
38, = [(&—1)e;— xe,;410M. (68)
The stress variation is expressed similarly, thus
of=[1+(¢&-Dénloy, 66, = [({—1o;— X040, )

55'4‘;'";‘ = [(¢—- l)aij—xkoij.k]njéﬂ'

Consider now the particular form of the functional (1) for which ¥(e,u) = ¢ ,(e),
h{u, T) = 0, thus

G, = ju’n(a) dv. (70)

Assume {(g) to be a homogeneous function of stress of order p; thus,

¥1(te) = Py, (0), an
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and §
Yile*) = [1+ (= 1)only (o),

oy i(o) = {1+ &= 1)ény — 1} (o).

The constant ¢ is now determined by requiring the invariance of  dV under the
transformation (62), that is

oy, dV) = oy, dV+y 6(dV) =0, (73)

where 8(dV) = 38y dV for a three-dimensional case and 8(dV) = 26y dV for the plane
case. In view of (71), the invariance condition for the three-dimensional scale change is
expressed as follows:

{1+ (E—Dony — 1}y, dV+3dny, dV = 0. (74)
Considering only linear terms of é#, from (74) we obtain
p=3
Similarly, for the plane case, we have
-2
(14 p(E—1)onF —1+26n = 0, §=‘i;~. (76)

The variation of G, is now expressed as follows in the case of three-dimensional
problem:

0G, = (Z,£)s0n, o))

where
3 pP— 3 .
(Zep)s= || — ; OUf — X4 O ldf — T oL+ X Ou; .+ O X Yy |1y dS. (78)

The eqivalent form of Z,; containing only gradients of displacement fields u; and u?
can be expressed as follows:

2p—3 -3
(Zop)s = ﬂ:p—p“ O Ul — X4 0 4€50,; + X0 Uy — p_p__ O+ X Ot + O Xl 1]”, ds.
(79)

Now, let us demonstrate that the integral (78) vanishes for any closed surface S within
a homogeneous body. Transforming (78) into a volume integral, we obtain

T 3 -3
(Z,g)s = l:“ ; (Uijuf),, — (xx0 i uf) ; — &p—— (g5u) j+ (Xeofu,) s+ (g l).k] dav

"

_ 3 a a P r r r aV[l

= — — 08— X0y — ——— €y + OEy + Xp Ol €y + X 7— 0+ 3¢, | dV
P p do;

(80)

o/

1. 3 oy
= 3J<—;8u‘°u+l//1> dv = ;j(‘ 5;5%"7‘/’1) dV =0,

,.
3 , 3
= I:— ;aijsg’_xk(aij.ksz — €04 — &[0 5k) + ;ijo'ij‘i‘ 3y I:I dav
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since for a homogeneous function of order p we have

oy,
blﬁ_uoij = py(0,)). 81)

Similarly, for the functional (2), we have

Gc = Jd’l(s) dVa 565 = (ZcE)Sérla (82)

where
3 -3 ,
(Zp)s = —;aijui — X0 U — ) o+ X 05U+ 0Py |1 dS, (83)

or Z, is expressed by (79) with (o) replaced by ¢(¢) and (Z.5)s = 0.
Consider now the displacement functional

G= sz(u) dv (84)

specified over the body domain, where y ,(u) is a homogeneous function of order p. Similarly
to the previous analysis, we have

Ya(u*) = (1+5onPya(u),  6Ya(u) = [(1+Eony — 1]y (u). (85)

Assuming invariance of (¥, dV) under the transformation (62), we obtain the values
of & for the three-dimensional and plane cases, namely

3 2
(é)Sd == ;s (C)planc = - ; . (86)

The local variations of boundary displacements on S, and of surface tractions on

S, in view of (66) and (68), are now expressed as follows for the three-dimensional
transformation:

3
612,'0=<_;ui+xkui.k>é’7 on S,

(87)
3+p
5T,0 = - To’ij+xka,j'k njéﬂ on ST’

and the variation of G can be briefly expressed using the general formula (14), as

6G = (sz)séﬂ, (88)
where
3 3+

(Z.e)s = J.[&jkxk¢2 + ;ijui'*'xkd ik — "—p-eﬂ ijuf—xko'.-j,ku?]nj ds, (89)

since now aj;n, = T% = O on Srand 4 = 0 on S,. The invariance of (89) for a homogeneous
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linear elastic body is shown by transforming (89) into a volume integral as follows:
3 3+p
(ZI'E)S = J‘|:(ka 2).!; + ;5 (U:r/ ll,).] + (,\'kO',’/u,‘k)J - 7 (O-l‘ju:l)Aj - (xkau.kuf)./:l dv

3 3
= \[[3w2+xkf?u:.l\ -;f:lul +;0.1’181j+0;j81j—xkflaui.k +xk0'1(18ij,k

3+p . 3. 3 0y
—Tﬂu'gu_xkaij.kaij:ldl/=J<3W";f;'ﬁ)dV=; Plﬁz—’g;“uf dv =0.

(90)

Similar expressions will be obtained by considering surface displacement and traction
functionals. Consider first the functional

G=jh,(T) ds, 29
where h(T) is assumed to be a homogeneous function of order p. We have
b (T*) = [1+(E=1)énPh(T), 6h(T) = {[1+(E~1)onl —1} hy(T). (92)

Assume now the invariance of (4, dS) under the transformation (62) and note that

6(h,dS) = 6h,dS+h,6(dS) =0,

(93)
o(dS) = (0x04—nendi) 0N = 20m,
and &(dS) = Jn in the plane case. The first condition (93) implies that
-2 -1
©Ou="0" O =", 54)
and the variation of (91) takes the form
0G = (Z£)s0n, 93)
where
-2 2
(Zrg)s = J(‘Ii;— OUi+ X Ol — ;a,-ju;’—xka,j_ku?>nj ds (96)
for the three-dimensional case.
Similarly, for the functional
G= ~fh;(u) ds, o7
where h,(u) is a homogeneous function of order p, from (93) we obtain
2 1
(C)Jd = - ; s (é)plane = - ;’ (98)
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and

0G = (Z,£)s0n. (99)

where

2 +2
(Z,5)s = J(!—) O+ X 00U — I)Ta,-,u,”—xka,vj'ku;’>nj ds. (100)

It is easy to show that (96) and (100) vanish for a linear elastic and homogeneous body. In
fact, transforming (100) into a volume integral, we obtain

2 +2
(Zue)s = J‘(; Oij€ij+ 0738, + Xk Ol — %“ el — xk"iM‘*'E‘) av
, (101)
p+
= J[—p— ()& — 0y€f) + xi (0784~ O ij,ksﬁ'):I dav =0,

and the identical expression is obtained for the surface integral (96) when (p+2)/p is replaced
by 2/p.

THEOREM 3: For a linear elastic and homogeneous body, the surface integrals (79),
(83), (89), (96) and (100) vanish for any closed surface within the body. The variation of
the respective functionals (70), (82), (84), (91) and (97) associated with the scale change of
the body therefore vanishes.

4. PATH-INDEPENDENT INTEGRALS ASSOCIATED WITH POTENTIAL AND COMPLEMENTARY
ENERGY VARIATIONS

The transition to the case where (1) or (2) coincide with the complementary or potential
energy of the body can be obtained by specifying the adjoint systems and using general
expressions for Z;, Z and Z. Consider first the particular case when only specified surface
tractions T or only surface displacements u® expend the work on the body. In the first case,
u’=00nS,, T =T 0onSy,and the potential and complementary energies are expressed
as follows:

I, = ~[‘U(x-:) dv— JT"'U dSr = —JU(B) dv, (102)

and

II, = JW(a) dV—JT'u° ds, = J.W(a) dv, (103)

where U(e) = 1o+ 8, W(06) = 1o+ ¢ are the specific stress and strain energies per unit volume.
In the second case, T® = 0 on S;and u = u® 0 on S,, so that

I, = jU(s) dv, I, = —jW(a) dv. (104)

Setting A(T,u) = 0, Y(a,u) = W(a), and ¢(g,u) = — Ue), the functionals (1) and (2) will
be equivalent to (103) and (102). Similarly, setting y¥(6,u) = — W(o) and ¢(s,u) = Ule) in
(1) and (2), we obtain the functionals (104).

SAS 22:7-F



752 K. Dims axD Z. MRroOz

The adjoint system associated with the potential energy I, for the casc u® =0 on S,
is now specified as follows:

o C o(— U .
o' = ¢ =i;~» ). —og within ¥, T =0o0n 8§y uw=0onS,,
Og Ce .
(105)
6 =0, 6°=D'g'=—0, 8= —¢ u=-—u,
whereas for the case T? = 0 on S; we have
. 0 -
¢ = — =— = ¢ within V, T =0 on Sy, we=0o0nS,
de  O¢
(106)

In view of (105) and (106), the general expressions for Z%7, Z%, and Z, given by (31),
(50) and (83) take the following forms:

(Z!%T)S = J.(Uékj_oijuf,k)nj dS =0,
(Z5R)s = ekplj(leakj'-a/juk"aijui.kxl)nj ds =0, (107)
(ZKE)S = J’(Uxi:éjk'_gijui‘kxk_ %iju;)nj dS = O.

The relations (107) constitute the set of conservation laws associated with invariance
of the potential energy under translation, rotation and scale change of the domain of a
homogeneous and isotropic body (isotropy is only required in the case of rotation). Consider
now the complementary energy I1,. The adjoint system for the case u® = 0 on §, is now
specified as follows:

_ W
s'=%=é-=swithin V, T9%o=0o0onS;, uv=0o0n3S$,
doe . do
(108)
o =0, o =Dt =g, g =g, w=u,
whereas for the case T® = 0 on Sy we can write
A H—W
s‘=§‘£=0( )= —gwithin V, T%=0o0onS; uw9=0o0ns,,
Jo do
(109

o =0, ¢ = (), g =u =0
Using now (108) and (109) in the general expressions for Z%;, Z%; and Z,; derived in
the previous section, we obtain the conservation laws associated with the invariance of the

complementary energy under translation, rotation and expansion of the domain of a
homogeneous and isotropic body, namely

(Z%p)s = J(— Woy+ou)n; dS = 0,
(Z3p)s = exp J‘(‘— Wxiby;+ o+ oyt xpn; dS = 0, (110)

(ZuE)S == J‘(“‘ kaéjk +a,ju,-‘kxk+ %U,'j'ui)nj dS =0.
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Let us note that the conservation laws (107) and (110) are respectively equivalent to
those derived earlier by Giinther[3], Eshelby[l, 2], Knowles and Sternberg[4] and Bui[14].

It can be shown that the same path-independent functionals and conservation rules
are obtained in the case of translation and rotation of the body when mixed boundary
conditions with non-vanishing u® and T® on S, and S are assumed.

5. CONSERVATION RULES FFOR BILINEAR FUNCTIONALS

Bilinear functionals are useful in assessing the variation of local displacement or stress
components due to shape variation. It was shown in Ref. [20] that they can be generated
as singular cases of (1) and (2) assuming localized force or dislocation action on the adjoint
body. However, it is convenient to consider this class of functionals separately. Consider a
linear elastic body loaded by surface traction fields T$ and T¢ on Sy, and with specified
displacements u? and uj on S,, respectively. Denote the corresponding state fields by 6, ¢,
u, and g, &,, U, satisfying conditions of equilibrium, compatibility and constitutive relations.
Consider now the functionals, cf, Shield and Prager[21],

1 1
B, = Jiﬂl'az dV+'[—°'2'81 dV—JT?’uz dSr—ng’ul dSr

2
a11)
= J‘U(al,az) dV—JT?'u; dST—J.Tg‘II] dST,
and
1 1 0 0
Bz= ‘2'01'82 dv+ '2‘0'2'81dV'— Tl'uZ dS“— Tz'“ldSu
(112)

=fW(a,,az)dV—jT,-u2 dS,—JTz'u? ds,,

where U(e,, &;) = &,°D*g, = ¢,°D-¢, and W(e,, 6,) = 6,°C-0, = 0,°C-0, are the
specific mutual strain and stress energies, so that

_5(7 _aU _aW . _ﬂ/ (113)
6'_582’ 62—631’ 81_562’ 27 e,
The variation of B, due to shape variation is expressed similarly to (6), namely
631 = a_'U°(56-l +a_q'(58-2> dV+JUnk5¢k dS—J.aT?’uz dST
58, 662
- T? d (662+u2,k6¢k) dST—J‘éTg u, dST
, (114)

— | TY: (66, +u,,00,) dSr

r~

— | (T, + TS u)) (Su— )o@, dST-

LY
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Using the virtual work equation, we obtain

6B, = J(U}zk—Tl ‘uy,—Tsou, )00, dS
-J‘(T?-u2+T2-u,)(&k,—nkn,)éq)k‘, ds; (115)
—J&T?'uz dST—f(STg'u, dST+JT1 1 dSu+jT2' sulds,,
and a similar expression is obtained for the functional B,:
8B, = J(-— Wne+T, uy, +Tyu,,)00, dS
+f(T? ‘uy;+ T8 u)) (§y—nn)oes, dST+f5T? ‘u, dSr (116)

+J‘6Tg M dST“‘JTl ‘5“3 dsu—J\Tz '6“? dSu‘

Consider now the translation of body domain: d¢, = da, = const., 6u? = 6ud =0 on
S, 6T = 6Ty = 0 on S;. Similarly to (21), from (115) it follows that

0B, = (M’ir)saak, (117)

where
(Mhp)s = J‘(Unk_Tl *uy—Tru,)dS = J(U‘skj_alijuhk—02ijuli.k)nj ds, (118)

and (M%;)s = 0 for any closed surface S within a homogeneous elastic body. It is seen that
(118) is identical to (22) and also to the path-independent integral derived by Chen and
Shield[18]. Similarly, the variation of B, is expressed as follows:

5B; = (Mkp)séa, = —(Mip)séay, (119)

where the path-independent integral is expressed as

(Mb41)s = J(— Wékj+aliju2i.k+02ijuli.k)nj ds, (120)

and it is equivalent to (31).
The case of rotation can be treated similarly as before, and the path-independent
integrals are specified by (50). It is thus seen that the variations of the bilinear functionals

are expressed in terms of the same path-independent integrals as the variations of G,
and G,.

6. ON APPLICATION OF PATH-INDEPENDENT INTEGRALS

The derived path-independent integrals can be applied in sensitivity analysis with
respect to translation, rotation or expansion of internal defects such as cracks, cavities or
inclusions. In fact, the functionals (1) and (2) can be given different interpretations depend-
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ing on the type of problem considered. For instance, they can represent local or averaged
stress measure or distance norm between measured and theoretical values of strains and
displacements within the body. Thus, these functionals can be used in identification of the
positions and sizes of defects based on available measurement data. Enclosing the defect
by a surface S;, the variation of any functional G, or G, can be determined by calculating
the respective path-independent integral along any surface §; including the defect surface
S, or the external boundary surface S. Another application, already indicated in Refs. [18,
19}, would be associated with separating and determining mixed-mode singularities at crack
tips.

We will now illustrate the applicability of the derived conservation rules by considering
two simple examples.

Example 1, Consider a thin circular disk of external radius b and with an internal hole
of radius a, loaded by the pressure p at the external perimeter r = 5. The stress and
displacement states within the disk referred to the polar coordinate system r, 8 are as
follows:

2 (121
u = — g [(H—v) % +( —v):}, up =0,

where E and v denote Young’s modulus and Poisson’s ratio, respectively. We consider now
the functional

G= Jl//(a) d4 = Jo‘} d4 = f(af—a,ag+03) d4, (122)

and determine its variation associated with an expansion of the internal hole. According to
(77) and (78), this variation can be expressed by a path-independent integral over the
external perimeter. In the two-dimensional case, we have p = 2, £ = 0, and

8G = (Z,5)s0m, (Zog)s=b J(%lf_a &+Tru;~-Tu,,) dS,. (123)

The adjont body is subject to the initial strain field

3a?

2 0
4 =20,—0y = k(iiz - 1), g = Erlli =200—0, = ——k(;-;» + l), (124)

do,

&=
é

with the boundary conditions T%(b) = o;(b) = 0, T%(a) = ¢/(a) = 0. The solution of the
adjoint problem provides the stress, strain and displacement fields

3 2
u = —kr(-}a-? + 1), u = 0, ol =0, o5 =0,

3a? 3a?
& = k<—r—2 - 1), g = —k(-;—z—- + 1),

(Z,5)s = 2nb* (62 —04e2) = —8nk?a?,  6G = ~8nk2a’én = 8nk%ada, (126)

(125)

and

since 8a = -—adn, where da > 0 corresponds to the expansion of hole.



756 K. DEMS aND Z. MROZ

When the displacement functional

= f;,(u) dd = ;jus dA (127)

is considered, the adjoint structure is loaded by the body force field

f‘::a‘::zur, f3=0, (128)

and, according to (88) and (89), the variation of (127) is expressed by a surface integral
over the external perimeter; thus,

1
G = (Z,g)s0n = — a (Z.)s0a,
(129)
(Z.5)s = J(hb«a b+ T ulb—T u®) dSt = nblu?(b)+ 4ku?(b)],

where the displacement field for the adjoint body is obtained in the form

—2
u = < vz)k[ (1=’ +(14v)a r(lnr—l\)+clr+ Cﬁ]’
2E
1 3 | - 2 b21 b__ 21
C = -{[Z(—ilv~)_~£~;-—v-)+ %(1—»')}(a2+bz)+(l+v)a ( Zz_a? z a)}, (130)
C, = -a2b2[ BG+v) + (”")2 a’(ln b~In a)}
-y br—q?

Example 2. This example is related to generalization of the J-integral in fracture
mechanics[]12-14] associated with the potential energy release rate due to crack propagation.
Consider a plane strain or stress case and a notch or crack with flat boundary portions
oriented along the x-axis, cf. Fig. 3. For a curve I enclosing the notch tip and ending on
flat notch surfaces, the integral (24) can be expressed as follows:

(Z%r)r=j(¢f—c-s") dy+f( ?’ g") ds, (131)

where ds is the arc length element of I' and dy denotes its projection on the y-axis of the
x, y-Cartesian coordinate system. Similarly as for the J-integral[12], it is easy to prove path
independence of this integral. In fact, considering any other curve I'” ending at 3 and 4 on
the flat notch portions, the integral over the whole closed path I'_,+2-4+T7 ,+3-1
vanishes in view of Theorem 1 since this path encloses the homogeneous material. Moreover,
on flat portions 2-3 and 1-4 we have dy =0, T =T? = 0 and the expression in (131)
vanishes on these portions. Thus, (Zipr=(ZiDr, and the integral (131) is path-
independent. A similar property occurs for the integral (Z};)r specified by (31). Now, if the
path coincides with the curvilinear portion I'y of the notch tip, the integral (131) takes the
form

(Zinr = f(¢~6'8“) dy, (132)
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Fig. 3. Path-independent integral for a notched body in plane case: (a) body with a notch;
(b) adjoint body subjected to initial strain field &'

and the variation of the functional (1) is given by
6G, = (Zin)r,0a = (Zi7)rda, (133)

where da denotes the infinitesimal translation of the notch tip along the x-axis. The familiar
property of the J-integral associated with the potential energy variation is now preserved
for any stress, strain or displacement functional.

Consider, for instance, the case where the external boundary of the body coincides
with the x- and y-axes, cf. Fig. 3. Assume the boundaries AD and EF to be free and DE, AF
to be loaded by normal tractions. When the second term of (1) is neglected and ¢ = y(e),
the adjoint body is subjected to the initial strain field & specified by (10) with vanishing
surface tractions T° on the boundary. The integral (131) now takes the form

ou out
(Zi7)aper = J [‘/’(Uy)—ayaﬂ dy—J [W(Gy)"aysﬂ d}’+‘[ T, 2 dx+ j T, > dx.
EF AD DE ox AF ox
(134)

When the body is subjected to a uniformly distributed displacement on DE and AF, then
ouj/0x = 0 and only two terms of (134) remain.

Whereas previous research effort in fracture mechanics was concentrated primarily on
determining the variation of the potential energy associated with crack growth, the present
method provides tools to determine variation of any functional of stress, strain or dis-
placement. One class of functionals is associated with the problem of identification of
damage or crack position and orientation. The two examples presented illustrate the idea
that by calculating path-independent integrals along fixed contours, far from singularities,
the variation of respective functionals can be assessed.

7. CONCLUDING REMARKS

In the present work, a new class of conservation laws and path-independent integrals was
discussed. This class is associated with variation of arbitrary stress, strain and displacement
functionals due to infinitesimal translation, rotation or scale change of an inhomogeneity
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within the elastic body. The analysis was limited to linearly elastic material within small
strain theory but the extension to non-linear case is possible by following the work on
sensitivity analysis in non-linear elasticity[17]. Similarly as J-integral in fracture mechanics
the derived path-independent integrals Z%; or Z%; can be applied in studying variation of
any functional due to extension of plane cracks. The bilinear functionals discussed in Section
5 provide the same path-independent integrals with proper interpretation of the adjoint
system. Their application was indicated in Refs. {18, 19] to problems of determining
stress intensity factors at crack tips for mixed mode conditions.
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